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Abstract-An attempt for both Petal-Tejel and Van-der val 

EOS calculation of thermo physical properties; below, near 
and above psedo-critical line of  supercritical flow of carbon 
dioxide. A good match of benchmark data with the calculation 
presented for thermal expansivity, heat conductivity, viscosity, 
specific heat and density. The flow characteristic being 
calculated to give a proper criterion with the physical meaning 
of flow at near psedo-ctritical temperature and pressure.   The 
local Nusselt number was calculated and plotted as a function 
of the local Rayleigh number. It is observed in these plots that 
a curve obtained with temperature and pressure far from the 
critical region approaches the line obtained with a classic 
correlation. It was also observed that the curves corresponding 
to supercritical conditions are notably above of the line 
corresponding to the classic correlation, which means that the 
heat transfer considerably increases in the critical region. 
Nusselt-Rayleigh numbers ratios confirm the results of flow 
characteristics.    
 

Index Terms: Cubic equations of state, Natural convection, 
Supercritical carbon dioxide 
 

Nomenclature 
a      Equation of sate constant that corrects for 
      intermolecular attractive forces ( )24 /. molmN  
b      Equation of sate constant that corrects for 
        intermolecular attractive forces ( ( )molm /3  
c      Equation of sate constant   
cp    Specific heat (J/K-kg) 
Gr    Grashof Number 
G     Acceleration due to gravity 
H     Heat transfer coefficient ( )kmW ./ 2   
M     Molecule weight [g/mol] 
Nu   Nusselt number 
P     Pressure, bar 

cP    Critical Pressure, bar  
Pr    Prandtl number 
Ra     Rayleigh number   
Re   Reynolds number 
T     Temperature (°C or K) 

cT    Critical Temperature [ K] 
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u     Velocity in the vertical (x) direction 
v     Velocity in the horizontal (y) direction 
x     Distance in the vertical direction measured 
         from the bottom of the plate 
y      Distance in the horizontal direction     
        measured  from the surface of the plate 
U    Dimensionless velocities in x directions 
V    Dimensionless velocities  in   y directions 
Z    Compressibility factor 
Zc  Critical Compressibility factor 
Greek symbols 
μ     Dynamic viscosity (kg/m-s) 
ρ     Density (kg/m 3 ) 
η     Dynamic viscosity [pa.s] 

ξ     Inverse viscosity   [ ] 1−Pμ   

ω    A centric factor 0.225 for CO 2   

cba ΩΩΩ ,,  Parameters in the a,b,c constants of    
      EOS 
β   Volume coefficient of expansion for the  
      fluid  ( = 1/T for an ideal gas) 
γ    Kinematics viscosity 

α   Thermal diffusivity [m 2 /s] 
λ   Supercritical thermal conductivity 

0λ  Thermal conductivity at low pressure 
Subscripts 
Pc  pseudocritical 
W   wall 
f     fluid 
s    surface 
r     reduced 
∞  Free stream flow 
c  Critical property 
i,j  Index in x and y direction 
Paper ID  A501 
N,M Number of grid point in x and y direction respectively 
Abbreviation: 
EoS  Equation of state 
SCF :Supercritical Fluid 
NONDIMENSIONAL GROUPS 
Nu Nusselt number [hL/ k] 
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I.  INTRODUCTION 
A supercritical fluid (SCF) is  any substance at a 

temperature and pressure above its thermodynamic critical 
point. It has the unique ability to diffuse through solids like 
a gas, and dissolve materials like a liquid. Additionally, it 
can readily change in density upon minor changes in 
temperature or pressure. The  specific behaviour of the 
supercritical fluids is of particular interest both from the 
theoretical point of view and for many industrial 
applications, such as the production of nanoparticles for 
medical use and the extraction of chemical compounds.  
SCF were first discovered in 1822 by Baron Gagniard de la 
Tour in his cannon ball experiments [1]. The importance of 
the  heat transfer characteristics of supercritical fluids has 
been increased because of thermal dynamic behavior is 
quite different from subcritical. One of the most important 
characteristics of supercritical fluids near the critical point is 
that their physical properties exhibit rapid variations with 
the change of temperature, especially near the 
pseudocritical point (the temperature at which the specific 
heat reaches a peak for a given pressure) [2].  Highly 
charged machine elements such as gas turbine blades, 
supercomputer elements, magnets and power transmission 
cables are cooled with supercritical fluids[3]. Supercritical 
carbon dioxide is being used increasingly in industrial 
applications as an alternative to traditional organic, 
halogenated, and aqueous solvents [4], [5]. Ostrach 
(1952)[6] was one of the first to solve the boundary layer 
equations for natural convection from vertical flat plate 
using a numerical method, reducing the set of three 
equations (continuity, momentum and energy) to only two 
equations with their respective boundary conditions. He 
found that this type of flow is dependent on the Grashof 
number and Prandtl number. Sparrow and Gregg (1958)[7] 
gave a solution of this system in the case of exponential and 
power law temperature distributions. They showed the 
influence of the wall temperature distribution on heat 
transfer but they did not find a simple mathematical relation 
to express it. Nishikawa and Ito (1969)[8] did modeling for 
free convection to supercritical fluids based on boundary-
layer equations and similarity transformation taking into 
account variable physical properties of the fluid. However, 
no effect of the temperature on the thermal expansivity was 
accounted for. Yang et al. (1972)[9] found a new similarity 
solution of the boundary-layer equations for more 
complicated wall temperature distributions. Their 
conclusions were similar to those of Sparrow and Gregg 
which confirmed that heat transfer is greatly affected by the 
wall temperature distribution. They showed that the local 
temperature difference between the wall and the medium  is 
not sufficient to determine the local heat flux. McHugh and 
Krukonis (1994)[10] gave an excellent introduction to the 
properties and uses of supercritical fluids. Another 
alternative to study natural convection over a flat plate with 
an arbitrary temperature distribution is the use of numerical 
methods which are the most versatile for handling general 
boundary conditions (Merkin et al. 1996)[11]. Havet and 

Baly (1999)[12] have studied the turbulent natural 
convection over a vertical flat plate with finite-volume 
method. They also showed that buoyancy forces are locally 
affected by slope of temperature profile  and heat transfer is 
greatly influenced by the wall temperature distribution. 
Supercritical fluids, particularly supercritical 2CO , have 
been used in areas ranging from materials cleaning, natural 
products extraction, chemical reactions, sample preparation 
and environmental remediation (Arai et al. 2001)[13].  The 
heat transfer by natural convection applied to simple 
geometries such as flat plates, spheres and cylinders have 
been extensively studied for decades. Information on many 
topics related to supercritical fluids applications is also 
abundant.  

The supercritical fluid usually related to the presence of 
high temperature and pressure extreme as shown in Fig.1, 
the EOS at this conditions the fluid is not ideal, a 
requirement of a good representation of this fluid 
characteristic can be best fit to these characteristic by a 
model satisfy the property of continuity of critical isotherm 
at the critical point. 

  The objective of the present work is to determine the 
influence of EOS (Patel-Teja Model) on heat transfer by 
laminar natural convection over a vertical flat plate with a 
constant wall  temperature   into a supercritical fluid.   

 

II.  THEORY 
For the laminar vertical plate case a need for the laminar 

boundary layer equations to be incorporated with natural 
convection which  is based on  the assumptions of a steady, 
incompressible, two dimensional flow, with constant fluid 
properties and the Boussinesq approximation. In addition it 
is commonly assumed, that the velocity normal to the 
boundary is small, and derivations in direction of the flow 
are negligible. 

Natural convection is observed when density gradients 
are present in a fluid acted upon by a gravitational field.  
Flow and heat transfer are analyzed by using the continuity, 
momentum and energy balance equations that govern these 
processes.  

Free convection refers to fluid motion induced by 
buoyancy forces. The Buoyancy forces may arise in a fluid 
for which there are density gradients, and a body force that 
is proportional to density. In heat transfer, density gradients 
are due to temperature gradients and the body force is 
gravitational. The modeling of this case can be best 
described as shown in Figure.2 the governing equations to 
satisfy this model are as follow:   
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To handle the  above equation into a numerical methods 
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of calculations, it is convenience to convert the governing 
equation to dimensionless formula as follow: 
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by substitution  equation (7) into momentum Eq.5 and 
rearrangement yield:   
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jjijjijjij FUEUDUC =++ +− 1,,1,                    (8) 
are coefficients   ,, jjj EDC  and jF where;  

Equation (8)  gives a set of N-2 equations and N-2 
unknown values of U, i.e., 

,1,,2,4,3,2, ......,,, −− NiNiiii UUUUU  along the i-the line 

to each of the points j=2,3,4,..N-1.   
 0, ,,1, =Nii UU     (Momentum equation boundary 

condition).then the energy equation (6) the substitution as  
follow: 
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By substitution  equation (9) into the energy equation (6)  

and rearranging yield: 
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The general form of equation 10 has the following  form    

jjijjijjij JSHG =++ +− 1,,1, θθθ            (11) 

Equation (11)  gives a set of N-2 equations and N-2 
unknown values of U, i.e., 

,1,,2,4,3,2, ......,,, −− NiNiiii θθθθθ  along the i-the line to 

each of the points j=2,3,4,..N-1.   

0,1, ,1 == Nii θθ   energy equation boundary 

conditions. The system of  Eq. 8 and 11  is  a tridiagonal 
matrix and solved by Thomas algorithm[15], which are 
needed a continuity requirement. The continuity 
requirement equation is desctitized as shown in Fig. 3 The 
derivatives are descritized at the midpoint. Applying the 
central-difference approximation in Y-direction in the 
following:  
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Where X-derivative at the point(i,j-1/2) is equal to the 
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Where the variables 1.11,,1, ,,, −−−− jijijiji UUUU  is 

calculated from solving the system of momentum equations. 
This solution approached is shown in Fig.4.       
                                                  

III. PROBLEM AND BOUNDARY CONDITIONS 
The geometry and the coordinate system of the present 

problem are shown in Figs. 2. The plate is immersed in a 
supercritical fluid which is assumed to be maintained at a 
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uniform temperature and the fluid movement is entirely 
driven by buoyancy forces. In this problem, the gravity acts 
in the negative x direction. The coordinate system is chosen 
such that x  measures the distance along the plate and 
y measures the distance normal to it. Far away from the 

plate, the velocity and the temperature of the uniform main 
stream are ∞U  and ∞T , respectively. Since the heated 
surface is stationary, the fluid velocity at the surface must 
be zero.  Far from the surface, the velocity is also zero.  In 
between, thermal and momentum boundary layers develop, 
where the velocity is non-zero.  These begin at the bottom 
edge of the plate and become thicker with increasing 
distance up the plate..  The profiles of the temperature and 
the velocity components   (vx and vy). The boundary 
conditions for the velocity and temperature fields are: 

T = Tw at y = 0, T = T∞ for y → ∞, u = v = 
0 at y = 0, u = v = 0 for y → ∞ 

  Conduction and viscous transport of momentum in the x 
direction are neglected. The velocity and temperature 
gradients are considered to obey the following  relations: 
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IV. SUPERCRITICAL FLUID PROPERTIES ESTIMATION    
In order to account for the non ideal gas behavior under 

critical and supercritical conditions, mainly, conductivity, 
viscosity, specific heat and thermal expansivity. Despite the 
difficulty to predict the behavior  of supercritical fluid 
properties  without a detail experimental and theoretical 
study. But by using  Stiel and Thods methods [16], the 
supercritical fluid thermal conductivity is estimated 
accordingly having the following relation. 
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Where 0λ  is the ideal-gas or low-pressure limit of the 

thermal conductivity and rρ  is the reduced density. Further 
estimation of Viscosity, specific Heat and Density, A 
method of   Reinchenberg methods[17] and Poling et al.[18]   
is recommended for dense fluids at super- or near-critical 
conditions having the following relation for the viscosity. 
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 The results of thermal conductivity and Viscosity 
estimation are presented  in Fig.5 

Thermal conductivity decrease with increasing 
temperature. Its shows, however, a local maximum near the 
pseudo-critical point. Beyond the pseudo-critical 
temperature thermal conductivity decreases sharply. Similar 
behavior shows also dynamic viscosity.    The heat 
capacities of real gases are related to the corresponding 
values in the ideal-gas or low-pressure state, (at the same 
temperature and composition) by the following 

definition: ppp CCC Δ+= 0  where, pCΔ is the so-called 

residual heat capacity which has the 

form 100 )()( ppppp CCCCC Δ+Δ=−=Δ ω [14],  

However the  heat capacity behavior can be understood with 
respect with reduce pressure and temperature as presented 
in Fig.6. 

 From this figure immediately one can note that there is a 
local maximum of the specific heat capacity at each 
pressure, while in the sub-critical range the maximum 
specific heat locates on the saturation line. At the critical 
point specific heat its maximum value.   

 

V. THERMAL EXPANSION COEFFICIENT   ESTIMATION  
  In calculation it is important to use the cubic equations 

of state EOS derived from van der Waals EOS. Among the 
many cubic EOS nowadays available, those of Redlich and 
Kwong (1949)[19], Soave (1972)[20], Trebble, M.A. and 
Bishnoi, P.R. (1986) [21] and of Patel and Teja (1982)[22], 
All the EOS give higher deviations near the critical point, 
specially the two-parameter equations when it is considered, 
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continuity of the critical isotherm at the critical point. In the 
present work Patel-Teja  EOS is used 
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In order to express Eq.15 in term of  Compressibility 
factor (z), the following definitions are obtained in the form:  
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The thermal expansivity as a function of pressure and 
temperature, is an implicit derivative  of Eq. 16 with respect 
to Temperature at constant  Pressure and given in the 
following form: 
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Finally the thermal expansion compressibility β  is a 
function of compressibility factor which obtained by 
substituting all the derivative results of the variable A,B,C 
and D into Eq. (17) 
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The calculation of β  involves two steps; first, the 

compressibility factor, Z , is determined by finding the 
appropriate root of Eq. (16); then inserting into Eq. (18)   
the value of β  is obtained. It is interesting to verify that Eq. 
(18) converges to ( T/1 ) at the ideal-gas limit. This limit is 

reached as 0→P  at constant temperature 
  i.e.,  RT,VP    ,0 →′→P

0D  , 0C 0,B  , 0A   and   1   Zi.e.,  →→→→→  

Therefore, T1=β .  
These calculation with Patel-Teja  model and ideal fluid 

and others being performed in the Figure. 7   
 

VI. CONVERGENCE HISTORY: 
 For the solution of the three coupled equations, an 

iterative procedure was used with an under-relaxation 
coefficient of (0.15-0.2) for a quicker convergence of the 
temperatures and velocities. Under-relaxation is usually 
used when the equations are non-linear. In this case, the 
relaxation coefficient being used between 0 and 1.  The 
quality of the mesh plays a significant role in the accuracy 
and stability of the numerical computation. This is attribute 
to  the associated mesh quality and node distribution, 
smoothness and skewness. In the current study a clustering 
function  was used which gives best distribution of grid 
point in the region of flow gradients, especially at the 
boundary layers region (Fig.8). Before carrying out the final 
calculations, grid dependency test and code validation 
studies were performed.   

A grid optimization were used to finalized best results. 
The convergence criteria that is used for this  work is 
velocity changes less than 1%. 

 

VII. RESULTS AND DISCUSSION 
A thermodynamic model has been developed to represent 

the thermal expansivity of real fluids based on an equation-
of-state approach. The approach  depends on an estimation 
supercritical fluid properties at critical conditions, mainly 
conductivity, viscosity, specific heat, density and  Thermal 
expansivity.  

Thermal expansion coefficient  results  are presented 
based on Patel-Teja model and van der Waals (EOS). These 
values are presented graphically, where they are compared 
with the ideal-gas and reference values.   The selected 
values of  pressures   3.69 MPa , 7.38 MPa  and 10 MPa. 
Being chosen for the calculation due to the existence of 
experimental benchmark data available for comparison 
Angus et al.[23] Fig.8.   The calculated data and the 
experimental value represented show an excellent fit. 
Further more when a temperature  increase beyond the 
critical region both ideal and real thermal expansively 
coincide in their behavior. This results convincingly 
attributed to the intermolecular forces is vanishing at higher 
temperature.  

Specific heat and density values with respect to 
temperature at specific value of pressure are presented in 
Fig.9. The results show at the critical temperature both 
values of specific heat and density have a major changes 
with a peak value of specific heat and drop in  density 
values at  this point. This result is confirmed by the study of 
specific heat of CO 2    of  YANG et. el.[9] at different 
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pressure.  The results showed the same trends with regard to 
temperature with respective to the variation of specific heat 
and density. As far as the pressure  change from 7.4 MPa to 
7.5 MPa, however the small changes of pressure  gives a 
miner shift in position of the physical property to a higher 
value.   

 The model presented in this calculation can be 
adequately predict the thermo physical properties below, at  
and above the pseudo characteristics. The critical point of a 
fluid is defined as the point at which a distinction between 
liquid and gaseous phases disappears [24]. Beyond the 
critical point, thermo physical properties of the fluid vary 
continuously with temperature [25]. While a supercritical 
fluid cannot correctly be defined as either a liquid or a gas, 
at points above the pseudo critical line the fluid behaves 
more like a liquid and at points below the pseudo critical 
line the fluid behavior more closely resembles a gas. The 
thermo physical properties of supercritical fluids change 
rapidly near the pseudo critical point. This introduces 
difficulty in predicting heat transfer and fluid flow 
performance. To elaborate this difficulty, due to the major 
changes taken place in the thermal physical properties 
noticeable in fig. 10. The velocity of the flow contour as 
shown in Fig. 10.a, b and c for below ,at and above the 
pseudo critical line. In Fig. 10.a which is below the critical 
line show a wedge shape which is stagnation like point 
between the gas and fluid, while in Fig.10.b the contour of 
the stagnant point appeared as a closed circle which may be 
a whirl type flow in a boiling fluid which is like gas 
bubbling  in fluid. At Fig. 10.c the velocity contours 
appear as a wavy texture which is a liquid like flow.  

The Nusslet number also enhance this result which peak 
up at the critical point. In the same way the heat transfer 
coefficient represent the higher values with gas CO 2  and 
lower values for liquid with the transition point at the 
critical point as shown in Fig.11 

The calculations were achieved at reduced pressure of 
1.05 with different critical reduced temperature 1.0, 1.05 
and 1.1. and  plotted in logarithmic scale so the curves 
approach straight lines. The figure shows some oscillations 
at critical point due to transition from sub critical to 
supercritical region.  The results of numerical calculations 
of Nusslet number values are compared to the empirical 
correlation, and we concluded that at higher the temperature, 
the closer the lines to that representing the empirical 
correlation. Here the effect of the temperature on the local 
heat transfer coefficient can be seen. Consequently in 
comparison for empirical form of flow compared to 
Churchill and Chu [26] the flow is consistent linearly ratio 
of numbers Nusslet to Rayleigh with respect to different 
value of temperatures at constant and variable pressure as 
shown in Fig.12.a,b. the disembarking from  linearity due 
gas fluid transition. 

The figures show  that the line of reduced pressure of 
1.05 and 1.1 at  almost superimposed. Fom this case, it can 
conclude that the effect of the pressure is not  significant, 
while on the other condition when the reduced pressure at 
0.2  the line become closer to empirical correlation line. The 
curve corresponds to the empirical correlation is obtained 
from relation that was proposed by Churchill and Chu (1975) 

and it is applicable over a wide range of Rayleigh numbers. 
This is:  

        
9
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Finally in all cases encountered Patel-Teja model give an 
excellent agreement with Van dar EOS. 

 

VIII.  CONCLUSION 
In the present work it has being shown that the Patel 

model (EOS) giving reasonable approach in calculating the 
thermophysical  properties of supercritical flow. However it 
is noticeable that the flow as well as the thermophysical 
properties has a varies considerably over a small changes in 
pressures and temperatures. This lead to a conclusion that 
the benefit of various properties to be a attained at the 
working conditions has to be controlled tightly.     
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 Fig.1 Phase diagram for  carbon dioxide[14] 

 
Fig.2 Heated Flat plate  

  
Fig. 4 Numerical Approach Flowchart  
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Fig.7 Thermal expansion coefficient v.s Temperature for carbon Dioxide
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Fig.10 C Velocty Contours at critical pressure below psedocritical line

Frame 001 ⏐ 07 Oct 2009 ⏐ v-velocity FIELDFrame 001 ⏐ 07 Oct 2009 ⏐ v-velocity FIELD

 
 
 
 
 
 
 
 
 
 
 
 

 

Temperature (C)

D
en
si
ty
(k
g/
m
3 )

S
pe
ci
fic
H
ea
t(
J/
g.
K
)

30 30.5 31 31.5 32 32.5 33 33.5 34
0

100

200

300

400

500

600

700

800

900

0

50

100

150

200

250

Specific Heat at P=7.5 [MPa]
density at p=7.5 [MPa]
Specific Heat at P=7.4 [MPa]
Density at P=7.4 [MPa]

Fig. 9 Density and Specific Heat v.s Temperature of CO2 at diiferent Pressure

critical zone

Frame 001 ⏐ 07 Oct 2009 ⏐ | |Frame 001 ⏐ 07 Oct 2009 ⏐ | |

 

Y

X

0 0.00025 0.0005 0.00075 0.001
0

0.0001

0.0002

0.0003

0.0004

0.0005

0.0006

0.0007

0.0008

0.0009

VELV
0.0112
0.0104
0.0097
0.0089
0.0082
0.0075
0.0067
0.0060
0.0052
0.0045
0.0037
0.0030
0.0022
0.0015
0.0007

Fig. 10 a. Velocity Contours at Critical pressure beyond Psedocritical line
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Fig. 10.b Velocity Contours at Critical pressure at Psedocritical line
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